We propose a boson-vortex duality in 3+1 dimensions for open vortex lines together with planar dark solitons to which the endpoints of vortex lines are attached. Combining the one-form gauge field living on the soliton plane which couples to the endpoints of vortex lines and the two-form gauge field which couples to vortex lines, we obtain a gauge-invariant dual action of open vortex lines with their endpoints attached to dark solitons. We demonstrate numerically the existence of such stationary composite topological excitations in scalar BoseEinstein condensates. Dynamically stable states of this type are found at low values of the chemical potential in channeled condensates, where the long-wavelength instability of dark solitons is prevented. Our results are reported for parameters typical of current experiments, and open up a way to explore the interplay of different topological structures in scalar Bose-Einstein condensations.
Quantum vortices and planar dark solitons are frequently generated in current experiments with ultracold gases, from Bose-Einstein condensates (BECs) [1, 2] to Fermi gases [3] [4] [5] . With phase imprinting techniques, the phase of the superfluid can be arranged to show either continuous 2π changes around vortex lines, or sudden leaps across the soliton planes. These topological defects, which separate regions with different values of the resulting order parameter, also appear after the quench crossing a second-order phase transition breaking the underlying continuous symmetry known as the KibbleZurek mechanism [6, 7] . The great achievement of techniques in experiments with ultracold gases has directed researchers' attention towards more complex physical systems presenting nontrivial topologies, which might simulate different types of topological excitations discussed in quantum field theory and string theory. For instance, analogues of cosmic strings in superfluids [7, 8] and analogues of Dirac monopoles in the spin-1 BEC [9, 10] have been proposed. 3 He A-B interfaces and the boundary surface of the two-component BEC have been suggested as analogues of branes in string theory [11] [12] [13] . Isolated monopoles [14] and Dirac monopoles [15] have been observed in recent spin-1 BEC experiments.
In string theory, the fundamental objects are closed strings, open strings and solitonic objects called D-branes to which the endpoints of open strings can be attached with Dirichlet boundary conditions. The relation between vortices in superfluids and strings in a certain effective string theory has been theoretically addressed [16] [17] [18] . The idea is to map the GrossPitaevskii theory for a scalar condensate to a dual description, where the non-singular phase of a BEC is mapped to an antisymmetric gauge potential B µν and the singular phase (the vortex) is mapped to strings. Previous works have focused on vortex rings [19, 20] [21] . We address the dynamics of scalar BECs with channeled geometries containing straight vortex lines that extend between planar solitons. This arrangement makes it possible to find the ends of a vortex line in the bulk of the system, just at the position of the soliton. A closely related configuration has been studied in the context of an effective low-dimensional model [22] . We demonstrate that a 3D condensate endowed with this structure can be a dynamically stable stationary state. Beyond a threshold value for the interaction energy such configuration becomes unstable due to the soliton decay, and the whole system can evolve through new emerging vortex lines. We emphasize that the topological states considered in this paper are feasible to be realized under current BEC experimental techniques.
System.-The state of a dilute Bose-Einstein condensate at zero temperature, for a given chemical potential µ, is described by a complex order parameter Ψ(r, t), whose dynamics is determined by the Gross-Pitaevskii (GP) Lagrangian density:
Here g = 4π 2 a/m is the interaction parameter, characterized by the s-wave scattering length a and the atomic mass m. Note that the energy is measured relative to the ground state Ψ 0 . For homogeneous systems, the chemical potential µ fixes the value of the uniform density |Ψ 0 | 2 = µ/g. In the presence of an external potential V(r), a local chemical potential µ l (r) = µ − V(r) can be defined, which in the limit of high interaction energy, or Thomas-Fermi regime, allows to approximate the non-uniform ground-state density by arXiv:1606.02776v1 [cond-mat.quant-gas] 8 Jun 2016
In this way, we will use Eq. (1) as a unified model for both homogeneous and non-homogeneous systems. In the latter case, this means that when the system is closed, the energy is measured with respect to the ground state having the same chemical potential, and thus, in general, a different number of particles.
Duality.-The boson-vortex duality is a powerful tool to study the dynamics of vortex rings [16, [18] [19] [20] 23] . It has been demonstrated that the dual description of the GP theory in 3+1 dimensions is equivalent to a certain type of effective string theory [18, 19, 24] . In this paper we extend the dual mapping to open vortex lines and argue that dark solitons in the original GP theory could play the role of D-branes in the effective string theory, by introducing a pinned boundary condition for vortex lines. In the following, for simplicity we set the trapping potential to be zero, i.e. V(r) = 0.
Introducing the Madelung transformation Ψ = √ ρ e iφ and the Hubbard-Stratanovich transformation [25] , we obtain the dual description of the original GP theory:
where we have neglected the quantum pressure term ∼ (∇ √ ρ) 2 , assuming that the dynamics of the system develops in the low-energy regime. The four-vector f µ = (ρ, f) includes an auxiliary three-vector f, whose physical meaning becomes clear by evaluating its equation of motion f = ρ m ∇φ, which matches the superfluid current J in the GP theory described by Eq. (1) [16] .
Let us now decompose the phase into a smooth part and some singular parts related to the topological defects: φ = φ g + φ cv + φ ov + φ s , where φ g is the smooth phase (Goldstone modes), φ cv is the phase of a vortex ring, φ ov is the phase of an open vortex line, and φ s represents the phase of a dark soliton. By integrating out the smooth phase φ g , we obtain
µνλσ is the totally-antisymmetric tensor, and B λσ is an antisymmetric rank-2 gauge field.
In the dual description, the action of a vortex ring in 3+1 dimension has been proposed [16, 18, 19, 24] . In this paper we focus on open vortex lines. Suppose that an (x-y)-planar dark soliton, to which a vortex line can be attached, is located at z = z 0 . The soliton phase φ s shows a characteristic step function in z, i.e. φ s (t, x, y, z) = π Θ(z − z 0 )φ s (t, x, y), whereφ s (t, x, y) is the phase living on the soliton plane and contains the smooth part and the singular part. The superfluid current along the z-direction vanishes at the soliton plane J z (t, x, y, z 0 ) = 0, which implies f z (t, x, y, z 0 ) = 0 and thus imposes a constraint on the B-field. The action for the dark soliton is
, where a, b, c ∈ {t, x, y} and is a length scale introduced for dimensional reasons. Integrating out the smooth part ofφ s (t, x, y) For an open vortex line the action reads
. We elaborate on these terms by considering a vortex line which is parallel to the z-axis, whose topological nature can be seen from the first term and
The second term is a boundary term on the soliton plane, where we have seen from previous discussions that
For the system under consideration we also make the identification of the 2D vortex living on the soliton plane and the endpoint of the vortex line. Combining the second term of the vortex action (1/2) d 3 x zabc B bc ∂ a φ ov [26] with the term on the soliton plane discussed above, instead of ∂ a f a = 0 we obtain
where η = 2π , Σ i is the worldsheet spanned by the i-th vortex line with boundaries ∂Σ j ; α, β ∈ {0, 1} label the worldsheet coordinates (space σ, time τ), and 
Eq. (3) provides a hydrodynamic description of BECs containing vortex lines attached to dark solitons, and can also be viewed as a string theory action without the tension term [28] , or equivalently an action in the large B-field limit, in the presence of D-branes. As a result, the proposed duality map can be used to describe open vortex lines/open strings ending on dark solitons/D-branes.
Open vortex lines.-We show that the BIon-like excitations can be realized in a BEC system. To this end we focus on condensates trapped by harmonic potentials with cylindrical symmetry
⊥ /2 and very low aspect ratio λ = ω z /ω ⊥ (we will assume λ = 0) to provide the system with a channeled structure along the axial z-direction. The transverse coordinates are (θ, r ⊥ ) = (tan −1 (y/x), x 2 + y 2 ), and we define a ⊥ = √ /mω ⊥ as a length unit.
We look for stationary states containing an axisymmetric vortex line of charge one: ψ(z, θ, r ⊥ ) = ψ 1 (z, r ⊥ )e iθ , where
is a real function. The stationary GP equation obtained from Eq. (1) with this ansatz becomes
where
This is the stationary equation for a vortex state that generates a tangential velocity field v = ∇ arg(ψ)/m around the z-axis: v(r ⊥ ) = u θ /mr ⊥ , where u θ is the unit tangent vector.
Next, we search for solutions to the nonlinear Eq. (4) including a dark soliton along the axial direction. We have used the Newton method to find the exact numerical solution starting from the analytical ansatz:
where ψ v = r ⊥ χ(r ⊥ ) accounts for the ansatz of the vortex core, ψ s = tanh z/ξ(r ⊥ ) gives the ansatz of the dark soliton in channeled condensates where Thomas-Fermi approximation applies [29] , and ξ(r ⊥ ) = / mg|χ(r ⊥ )| 2 defines a radius-varying healing length through the Thomas-Fermi density profile |χ(r ⊥ )| 2 = µ l (r ⊥ )/g of a system without the vortex. Fig. 1 shows our numerical results for a stationary state of this type with chemical potential µ = 10 ω ⊥ . The panel Fig. 1(a) , presenting a semi-transparent density isocontour of the condensate at 5 % of maximum density, shows how the presence of the dark soliton breaks the system into two phase separated subsets containing corresponding axisymmetric vortices. These vortices are different entities embedded in different vacua. As can be seen in the detail view of panel Fig. 1(b) , the dark soliton twists their relative phase in π radians along the z-axis for every value of the azimuthal coordinate θ, and their endpoints lay aligned on opposite sides of the soliton membrane [30] . Characteristic features of the system are depicted in Fig. 1(b) -(c): the axial phase jump for a given azimuthal angle, and the axial density of the condensate after integration over the transverse coordinates n 1 (z) = |ψ(z, r ⊥ , θ)| 2 r ⊥ dr ⊥ dθ times the scattering length. Stability.
-States containing open vortex lines, as exemplified by Fig. 1 , are dynamically stable as long as the dark soliton does not decay. As it is known, the decay of multidimensional dark solitons is produced by long-wavelength modes excited on the soliton membrane, through the so-called snaking instability [31] . However, such modes can be prevented to appear by means of a tight transverse trap, which confines the system to a reduced cross section. In terms of the chemical potential, and in the absence of a vortex, a channeled dark soliton is stable up to the value µ = 2.65 ω ⊥ [29] . For the case containing an open vortex line the threshold is expected to be located at about µ = 3.65 ω ⊥ [32] , apart from excitations derived from the vortex-soliton junction. In order to analyze the dynamical stability of the solutions obtained following the ansatz Eq. (5), we introduce the linear modes {u(r), v(r)} with energy µ ± ω to perturb the equilibrium state, i.e. Ψ(r, t) = ψ + ω (u e −iωt + v * e iωt ). After substitution in the time-dependent Gross-Pitaevskii equation, and keeping terms up to the first order in the perturbation, we get the Bogoliubov equations for the linear excitations of the open vortex lines
where H L is the linear part of the Hamiltonian from Eq. (1), i.e.
We search for the modes of the functional form {u(z, r ⊥ )e i(q+1)θ , v(z, r ⊥ )e i(q−1)θ } with q = 0, ±1, ±2, . . .
Bifurcations from the stationary state occur if Eqs. (6) have non-trivial solutions for ω = 0 [29, 33, 34] . Fig. 2 shows the numerical solutions to Eqs. (6) for the unstable excitation frequencies of open-vortex-line states. As can be seen, the unstable modes with q = 1, 2 appear before those with q = 0. All of them add density at the soliton plane. The q = 0 excitations contain radial nodes, whose energy cost is higher than the kinetic energy excess (∝ 2 q 2 /2m) of the azimuthal nodes generated by the modes with q = 1, 2. In particular, for a computational domain with periodic boundary conditions and axial length 4π a ⊥ , the excitation of transverse modes with q = 1 above µ = 3.0 ω ⊥ marks the threshold for instability. The small bump extended between 3.05 ω ⊥ and 3.4 ω ⊥ on the µ axis is due to small instabilities derived from the boundary conditions imposed by the solitons on the vortices, which are strongly localized around the junction. In fact, this characteristic instability (indicated by dashed lines in Fig. 2 ) continues existing for higher values of the interaction, although there it does not correspond to the highest frequency modes.
We have cross-checked our results obtained from the linear stability analysis, by evolving in real time the stationary states ψ with different chemical potentials, after adding a random Gaussian perturbation ψ → ψ + δψ. The upper panel of Fig. 3 presents an example of such dynamics for a condensate with µ = 3 ω ⊥ , just below the instability threshold. The system remains nearly unaltered during the whole evolution, thus stable according to the linear analysis of Fig. 2 ; only smooth oscillations due to sound waves can be observed. On the contrary, Fig. 3(b) shows an unstable configuration containing two nearby dark solitons connected by vortex lines with µ = 5.1 ω ⊥ . Provided that the distance between solitons is long enough ( ξ), the stability of this system also follows the linear analysis of Fig. 2 . As can be seen, after 20 ms the vortices bent at the soliton planes, and new vortex lines appear at later stages of the evolution.
The experimental realization of open vortex lines could be carried out following the procedures similar to those employed in generating dark solitons in the absence of vortices. As a first step, a dynamically stable axisymmetric vortex line must be generated in an elongated condensate by either of the available experimental methods, i.e. by phase imprinting pro- cesses [35] or even by stirring the condensate [36] (given that the bending of the vortex can be ignored in the central region of the system) . Once the vortex state has relaxed in the trap, a dark soliton can be phase imprinted on it [37] . Although this last step is expected to produce moving solitons, we have checked that these are also stationary states of the GP Lagrangian (1). 
